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Abstract 

The spin- weighted spheroidal equations in the case s = 1/2 is thoroughly 
studied in the paper by means of the perturbation method in supersymmetry 
quantum mechanics. The first-five terms of the super-potential in the series of 
the parameter (3 are given. The general form of the nth term of the superpoten- 
tial is also obtained, which could derived from the previous terms Wk, k < n. 
From the results, it is easy to give the ground eigenfunction of the equation. 
Furthermore, the shape-invariance property is investigated in the series form of 
the parameter /3 and is proven kept in this series form for the equations. This 
nice property guarantee one could obtain the excited eigenfunctions in the series 
form from the ground eigenfunctions by the method in supersymmetry quan- 
tum mechanics. This shows the perturbation method method in supersymmetry 
quantum mechanics could solve the spin-weight spheroidal wave equations com- 
pletely in the series form of the small parameter /3. PACS:11.30Pb; 04.25Nx; 
04.70-s 



1 Introduction 



The spin- weighted spheroidal functions first appeared in the study of the stable problem 
of Kerr black hole. For the wave equation of the perturbation of tp of Kerr black hole[l- 
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and the angular equations for 6(6*) as 
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where A = r 2 — 2Mr + a 2 , K = (r 2 + a 2 )w — am and A = + a 2 u 2 — 2amu. The 
parameter s, the spin-weight of the perturbation fields could be s = 0,±|,±1,±2, 
and corresponds to the scalar, neutrino, electromagnetic or gravitational perturbations 
respectively. Eq. is the spin- weighted spheroidal wave equation. This is kind of the 
Sturm-liuvelle problem, and the boundary conditions requires G is finite at 9 = 0, ir. 
Though it has been widely used in many fields, it has not been well studied due to 
the mathematical difficulty [1-5]. Until recent years, with the introduction of super- 
symmetric quantum mechanics to study the spheroidal equations (that is, s=0 case), 
it becomes possible to solve it [6-12]. This article would apply this method to study it 
in the case of s = 1/2. When s = 0, the problem is more complex than previous work. 
So more calculation is need in determining the eigenvalue. 



2 Calculation of the first several terms of the super- 
potential 



In order to employ the super-symmetry quantum mechanics (SUSYQM) to Eq.( 
first make it into the Schrodinger form[6-12] 
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with (3 = auj. The corresponding boundary conditions now become ^\e=o = ^\e=-n = 0. 
For Eq.(jl]), we make a few instructions: Eq.(jl]) just has the Schrodinger form, it does 
not represent a particular quantum system. For convenience, we apply the terminology 
of quantum mechanics, such as potential energy, ground state, excited state, etc in the 
following. The potential in Eq.fll]) is 
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Super potential W is a core concept in SUSYQM, and it is connected with the potential 
by[13] 

W 2 - W' = V(9,/3,s)-E . (7) 

According to the theory of the SUSYQM, the form of ground eigenfunction \l/o is 
completely known through the super-potential W by the formula [13] 
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Hence, the key work in SUSYQM is solve Eq.((7]). Practically, Eq.((7]) is the same difficult 
to deal with as Eq.(jl|. Therefore, we rely on the perturbation methods to treat it. 
That is, we study it by expanding the super-potential W and the ground eigenvalue 
Eq into series form of the parameter [6-12]: 
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n=0 

where the lower suffix m in -Eo,n;m is referred to the parameter m in Eq.(j4]) and the 
index means belonging to the ground state energy and n refers to the nth-order item 
of the series expansion. 

Substituting Eqs.([9]), Eq. tflOl into Eq.([7j) gives the following equations [11] 
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= fn(0), (n > 3) (14) 

by equating the coefficients of the same power of in its two sides. Our main work is 
to find the solutions of the above equations in the case of s = |. 
The solution of Eq.liTll is easy to find [11] 
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With Wo known, it is easy to give W n on according to the knowledge of differential 
equations, 
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where, 
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In order to calculate Eqs. (fT6]) - (fTT|) . we needs the following integral formulae [14]: 
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After a simple derivation, we get 
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By the above equation,we can summarize the general formula 
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This formula can be proved by mathematical induction. By the help of Eqs.( ll5j) . (123 
A\{6) is now simplified as 
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Now we discuss the term P(2m, 9). According to Eq.flH]) and Eq. (I18j) . we can see that 
^o(9) is oo at the boundaries 9 = 0, it. This result does not meet the boundary 
conditions that ^(9) should finite at 9 = 0, it. So that the coefficient of the term 
P(2m, 9) must be zero. Thus, 
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With the help of Eq. (ll6j) and Eq. (fT5]) . it is easy to obtain the first order W\{9) 
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By the same tedious calculation as that of Wi{9) , E ^m — E ^. m and W2{9) — W±{9)c&a 
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W 2 (9) = b 2 ,xsin6 + a 2 ,isin9 cos 6 (30) 

W 3 (9) = 6 3> i sin 9 + 63,2 sin 3 6 + a 3)1 sin cos 6> (31) 
W 4 (0) = 64,1 sin 6 + 6 4) i sin 3 5 
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3 Calculation of the general n-th terms of the super- 
potential 

From the four terms of W\ — W4, we hypothetically summarize a general formula for 

W„ as 
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Here we use mathematical induction to prove that the guess is true. 

First it is easy to see the assumption ( 14 ip is the same as that of W\ when N — 1. 
Under the condition that all Wj$ meet the requirement of (1411) whenever N < n — 1, we 
will try to solve the differential equation for W n to verify that it also can be written as 
that of flUD. Back to Eqs. (lII]) . (ITE]) . (IT7]) . one needs to simplify the term YlZ^i W k W n _ k 
in order to calculate W n . Whenever 1 < k < n — 1, one has 1 < n — k < n — 1 and 
Wjfc(0), W n _ fe (0) could be written in the form of (HI]) . That is, 
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W n - k (9) = a n-k,j sin 2j 1 9 cos 9 
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For the sake of later use, the facts are true 
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exchanging the order of the sums in all the above equations, they are simplified as 
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It is easy to see 
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We have used the fact (143!) and substituted the quantities ci, C2, C3, c 4 by the maximum 
[|] + 1 of them in last line in the above equation for convenience in the following 
calculation process. On the final conclusion, we will take Eq.( 1M|l into consideration. 
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Substituting f n {z) = J2l=i w kW n - k + E , n . m into Eqs.flTTD and by the use of Eq.flTED, 
we can have 
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where the quantities c„ iP , and b as the coefficient of P(2m, 0) are 
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one achieves 
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Compare Eqs. (171j) . ( 14TT) . their difference lies in the upper limit of the second sum in 
W n Whenever n is odd, [^±1] = [|] + 1 means Eq. (14"TI) the same as Eq. (!7T]) . While n 
is even, we could use Eq. (|4"3"]) and Eq. fl54|) to obtain 
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Hence the upper limit for 6 np becomes S = f 2 ^] when n is even. The correct- 
ness of our induction about the general formula with W n is completed. According 
to Eq. (172"]) . Eq. (174"]) and Eq. (l6"T]) .we can get some interesting results: 
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2m + 2 

QM " (2m + l)(2m + 3) jBo ' n;m (?8) 

We can compare these interesting results with W%(9) and W^{9) to verify the correctness 
of the general formula of W n (6).The validation results are satisfactory. So that,we can 
say that the general formula of W n {6) is accurate. 

4 The ground state eigenfunctions 

Based on the above conclusions, the super-potential W could be written as 
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and the ground energy is 
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with -Eo,n;m determined by Eq.(l6Tl). 



3 N 
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5 The excited eigenfunctions 

In the following, we will compute the excited eigenfunctions. As done in Ref. [7j, we 
hope to extend the study of the recurrence relations by the means of super-symmetric 
quantum mechanics to Eq. (jlj). 
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The super-potential W connects the two partner potential V T by 

V T (9) = W 2 {6) =f W'(9). (83) 

The shape- invariance properties mean that the pair of partner potentials V ± (x) are 
similar in shape and differ only in the parameters, that is 

V + (6;a 1 ) = V-(6;a 2 ) + R(a 1 ), (84) 

where a\ is a set of parameters, a 2 is a function of a\ (say a 2 = /(ai)) and the remainder 
R(ai) is independent of 9. 

We must introduce the parameters Ajj, Bij into the super-potential W in order 
to study the shape-invariance properties of the spin-weighted spheroidal equations as: 

W(A nJ ,B nJ ,9) = -A 0>0 (m + ^)cot0- ^£ o ,ocsc0 



+ J2P n Wn(A n , j ,B nJ ,9), (85) 



n=l 



where 



[=±i] 



6 nj - sin 2 '' -1 9 + cos <d sin2j_1 ( 86 ) 

3=1 3=1 



with 



a n,j — A n jd n j, b n j — B n jb n j (87) 

Then, V ± (A n j, B n j,9) are V ± (A n j, B n j,9) are defined as 

V ± (A nJ , B n j, 9) = W 2 (A nd , B nJ , 9) ± W 

oo 

= J2P n Vn(A, J ,B n „9). (88) 

?1=0 

The key point is to try to find some quantities C it j, D id to make the relations 

V+(A id , B nJ ,9) = V'iQj, D nJ ,9) + i?„ ;m (Aj, B n J) (89) 

retain with R n . m (Aij , B n j) = R n - m pure quantities. Now, we will prove that it is true 
for the special cases n — 0, 1,2. It is easy to obtain 

Vo + (Ao, , 50,0,0) = V -(C , ,D 0fi ,9) + R . m (90) 
y+^x,!,^,!,^ = Vr(C 1 , 1 ,D 1>1 ,9) + R 1 . !m (91) 
K 2 + (fl 2( i,A 2(1 ,0) = ^ 2 -(C 2)1 , J D 2jl ,0) + J R 2;m . (92) 



14 



In order to retain the above equations, one must have 



and 



with 



where 



C ,o = A ,o + -^— , (93) 
2m + 1 

A),o = 5 ,o ( 94 ) 
(2m + l)^ - 1 

(2m + ljAo.o + 3 



(2m + l)4),o-l D 

1 = t ; — : -t>2 i 

(2m + l)A ,o + 3 2,1 

6-80,0-82,1 



C*2,l 



[(2m + l)A 0fi + 3] [(2m + 1)A , + 4] 
S^m + lj^o + l]^ 

[(2m + l)A 0fi + 3] 3 [(2m + 1)A 0)0 + 4] 
8[(2m+ 1)^0,0 + 1]^ 
[(2m + 1)A , + 3] 3 [(2m + l)A , + 4] 

(2m + 1)Ao,q - 2 



(2m + l)^o,o + 4 



A 



L (2m + l)A ,o + 3 

8B 2 - 8[(2m + l)A),o - l][(2m + l)A Qfi + 3] 
[(2m + l)A ,o + 3] 3 [(2m + 1)A , + 4] 



(96) 



A 2 ,i (97) 



i2o;m(^o,o) = (2m + 1) A,, + 1, (98) 

(2m + l)A ,o + 3 

-R2;m(A),05 A),0) -^1,1, B 2> l, ^2,l) 

4S ,o5 2 ,i lAB 2 i + BA ] (100) 



_ - 2[(2m + 1)^,0 - l][(2m + l)A 0fi + 3] 

[(2m + l)A ,o + 3] [(2m +l)A ,o + 4] 1 ' 

For the general proof of n, one uses the induction methods to proceed. The above result 
shows that the formula (18*9]) is true for N = 0, 1, 2. Suppose it is true for N < n — 1, 
we need to prove it is also true for N = n. First, one simplifies the expressions of 
V± {Aij ,B i;j ,6). With the help of 

oo n 

w2 = Y, (3n Y, W*(Ai> B n,v 0)W n - k (Aij, B n j, 9) (102) 

n=0 fc=0 
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we have the formulae for in the case n > 1 as following 

V-(A hJ ,B n „9) = P- + P n 
V+(A„B n „9) = P+ + P n 

There are three parts in the above equations and we simplify them separately. 

P~ = 2W W n (A nJ ,B n , j ,9)-W^A iJ: B n , j: 9) 



where 



= cos^p- p (A M)J B nj )sin 2 ^^ 



P =i 



+ Y.QnM^B n , j )^- 2 9 
p=l 



Pn,p(.A n ,j, B n j) — — -Bo,0^4n,p a n,p 

+ [(l-2p)-(2m+l)A , 



Qn,p(A n ,j, B n j) — B ^B ntP b nj p 



+ 
+ 



(1 - 2p) - (2m + l)A),o A nyP a n)P 



(2p - 2) + (2m + 1) A),, 



A n -p— \0"n'p— 1 



where 



2W W n (A nJ , P nJ , 0) + <(Aj, £„j, 0) 

[2±1] 



p=l 



[^] 



P =i 



Pn,p(An,j 7 B n j) — Po,0^n,p a n,p 



+ 



(2p - 1) - (2m + l)A ,o 



Bn,pbn,p 



Qn,p(-^-n,j i B ri j^ B§ QB n pb n p 



+ 
+ 



- (2m + 1) A ,o + (2p - 1) 
(2 - 2p) + (2m + 1)A ,oj ^4n,p-lOn,p- 
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Notice the fact 



Pn,p(A n ,j, B n j) — P np (A n j, B n j) 

— Qn,p(An,j, Bnj) = Qn,p(^n,j , B n j) = 

n + l n 



p < 1 or p > [ 
It is easy to obtain [?] 



n-l 



P n = [w k (A i , j ,B nd: 9)W n _ k (A itj: B njj: 
k=i 

[=±i] 



P =i 



+ ^// n , p (A J , J B iJ )sin 2 ^ 2 e 
P =i 



where 



n— 1 p— 1 



Gn tP (Ai t j, Bij) — ^ ] ^ ] ^fe,p-j°w-fc,j + Qfc.p-j 1 

fc=l i=l 

n— 1 p— 1 

fc=i i=i 

a k,p— 1— j^n— fcj j 



where 



When n is even, 

G n>p (Aj, = 0, p < 2 or p > -; 

H ntP {A itj , B id ) = 0, p<2orp>- + l 

and when n is odd, 

^n,p(^-ij) Bi t j) H n pyAi j , Bi j) 0, . 

Thus, 
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[2±i] 



= cos 6J2 [GnAAi, B id ) + P- p (A nd , B n j)\sin 2p - 2 9 



k=2 



+ [HnAAj, B id ) + Q- p (A nd , B nj )}sm 2p - 2 6 

k=2 

+P-Mn,j, Bnj) + Q'MnJ, B n ,j) (120) 

V n + (A hj ,B nd ) 

= cos ^ [G^iAj, B id ) + P+ p (A nJ , B nJ )]sin 2 ^ 2 

k=2 

+ £ [#„, P (Aj, B id ) + Q+ p (A nj , S nj )] S m 2 ^ 2 ^ 

fc=2 

+P+ 1 (A nJ , BnJ) + g: ;1 (A nJ , 5 nJ ) (121) 
one could rewrite V^{A id ) as 

Vn(Ai,j, Bij) = V n (Cij, Dij) + R n . m (A id , B it j) 

[2±1] 

= cos ^ [G BlP (C7y, Aj) + P- p (C nJ , A^ain*" 2 * 



fe=2 



+ £ [If^Cy , Aj) + Q- p (C nd: D nd )]sin 2 ^ 2 9 



k=2 



where 



and 



by the use of 



+Pn,l(Cn,j, Dn,j) + Q n ,l(^n,j, D n ,j) + #n;m(Aj, A,j) (122) 

Rn;m{Aij, Bij) = P nl (A n j,B n j)+Q nl (A n j,B n j) 

—Pn,l{Cn,j, Dn,j) ~ Q„,l (Cnj, D n ,j) (123) 

P-^Cnj, D n J) = -[(2m + 1)C 0)0 + l]C n ,i6 n ,i (124) 

Qn,i\Cn,j,Dn,j) = — Do,oC n ,ib n ,i (125) 

P+i(A*j, ^nj) = -[(2m + 1)A , - l]B ntl b nA (126) 

Qi,i{A n ,j,B nd ) = -B 0fi B n)1 b nA (127) 



Vo = a„, = n=l,2,... (128) 
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In order to maintain the shape-invariance property for the nth term, the following 
equations must be satisfied 

H n ,p{Ci j , Dj^ jj -\- Q n n{C n j , D n j) 
Hfi t p(Aij , Bi j^) -\- Q JAnj, B n j^ 

r n + 2, 
p = 2, 3,. ...[-— 



Define 



then we have 



H n ,p{Aij, Bij) — H n)P (Cij, Di,j) + Q np (A n j, B n ^ / 



Pn,p(.C n ,j, B n j / 



~OipD n pb n p DooC n pQ, n ^ 



U, 



n,p 



oipC n p(i n p Dq ()D n pb n p 
-\-{oip \^jC n p—\(x n p—\ 
U n ,pi 



(129) 
(130) 



(131) 



where a r 



(2m + l)C 0l o + {2p - I] 



In the above equations, the quantities Ci t j,i < n, j < [~] and D it j,i < n, j < [^j 
are known as the functions of the variables A it j, B it j, i < n, j < n. The only unknown 
quantities are the n quantities C ntP , P = 1,2,..., [f], D ntP , p = 1,2,..., 
Therefore, 

From the above equations, one obtains 



n+l ] 
j • • • > L 2 



D 



n,p 



C n p— i 



-Or, 



n,p 



®-p"n,p ®-p"n,p 



D 2 



(a p — l)a n)P _i ' (ap - l)a„ )P _i 



p = 2,3,...,[ 



n + 2 n 



(132) 

(133) 
(134) 



with .D n [n±i] + i = Cn,[f]+i = 0. Here we give some notes: (1) when n is odd, one 
could obtain first -D w jn+ij from Eq. fll32p and C n> [«] from Eq. (11331) under the condition 
p = \Py l ], C n jn+i] = 0. Then, it is easy to calculate subsequently. (2) when n is even, 
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one needs to calculate C n ^ from Eg. (11331) under the condition p = [^ip], C n rn+ii = 0. 

Then, it is easy to calculate subsequently. 

Then, the excited eigen-values i^ ;m and eigenfunctions is obtained by the recur- 
rence relation : 



fc=l 



E . m = m(m + 1) - - + E 0:n . m (3 n 



n=l 



n=l 



«1 — (Aij, Bij), d2 — (Cij,D 



i,3 h 



ft. 



ex P 

^ t = -^ + ^(^, J B nj ,^) 



1,2,3,... 



(135) 

(136) 

(137) 
(138) 
(139) 

(140) 

(141) 
(142) 



In conclusion, we have proved the shape-invariance properties for the spin-weighted 
equations in the case of s — ~ and obtain the recurrence relations for them. By these 
results we can get the exited eigenvalue and eigenfunction. Similar process could also 
extends to the case s — 1, 2, | for the spin- weighted functions. 
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